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It is well known that the continuity off and the uniqueness of solution of 
the Cauchy problem x’ = f (t, x), x(0) = x0 are not sufficient to guarantee 
the convergence of the successive approximations 
Yn+&) = x0 + lotf (s, m(s)> ds- 
For an example see Coddington-Levinson [l, p. 531. We show here that this 
situation should be looked at as extraordinary since in reality the successive 
approximations do converge for most differential equations. For, we prove 
that “convergence of successive approximations” is a generic property, i.e., 
that there is a dense second category set M* in the space of continuous 
functions such that, for all f E M*, the successive approximations converge. 
Our result has a greater generality since it shows that for f E M* the successive 
approximations have a unique limit for every starting point y. . Thus we 
have as corollary that “uniqueness of solution” is a generic property, as 
proved earlier by Orlicz [3] for f’ d fi s e ne on strips I x R” and by Lasota- d 
Yorke [2] for f’ d fi d s e ne on open subsets of any Banach space. 
NOtUtiOtlS. We shall denote by 
B(xo 3 6) the ball of center x0 and radius E > 0, 
C(X, Y) the set of all continuous functions X-G Y, 
~1 x Ilrn the sup norm supt // x(t)/1 .
The claim labeling the paper is proved by the following theorem since the 
concept of a set of second category is the topological transposition of the 
measure theoretical concept of a set whose complement has measure zero. 
THEOREM. Let I = [a, b] be a compact interval of R, B the closed ball 
Wxo 3 co) of Rm, M the set of all continuous functions f : I x B -+ R” such that 
(b - 4 llfllm < 60. If M is endowed with the topology of uniform convergence, 
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then there is a dense subset M* of M such that M* is of second category in M 
and for every f E M* the successive approximations 
m+&) = xo + It f (s, ~4s)) ds 
a 
converge un;formly on I to a unique function xf for every y. E C(I, B). 
In reality we prove somewhat more: M* is a G,-set, i.e., a countable 
intersection of open sets. 
The assumption (b - a) llfllrn < e. is necessary only in order that the 
successive approximations are well defined. In the applications, one can 
consider the set M of all functions f: I x B --f R” which are bounded by 
a given constant K < + co, and then the interval of convergence must have 
a length 6 so small that SK f c0 . 
The limit point X, is a solution of the Cauchy problem 
x’ =f (4 x), x(a) = x0. 
The theorem does not not claim that this Cauchy problem has a unique 
solution for f E M *. However, it is very easy to derive that from it, i.e., the 
following local (since it works for balls of R”) version of a well-known result 
of Orlicz [3] provided in [2] for Banach spaces: 
COROLLARY. In the hypotheses and notations of the theorem above, the 
Cauchy problem 
x’ =.f(t, x), x(a) = x0 
has a unique solution for all f E M*. 
Proof of Theorem. By considering g : [0, b - a] x B - R” defined by 
g(t, x) = f (t + a, x), we can assume a = 0 as we do for simplicity. Forf E M 
and x E C(I, B), let (y”,,,)Eo be the sequence of successive approximations 
off starting at x: 
Y’,.o = x> Y:.,+&) = xo + Jatf (s, yk(s)) ds. 
Define #: M + R+ by 
Obviously #(f) = 0 is equivalent to the convergence of the successive 
approximations (yi,,)Eo for every starting point x E C(I, B). Therefore the 
set MO of all Lipschitz functions in M is contained in #-r(O). For every 
f E M, since I x B is compact, by [4, Theorem 21 there is a sequence (fia)zzl 
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of Lipschitzian functions defined in I x B and taking values in the convex hull 
off(l x B) such that lim,f, = funiformly. Since the convex hull off(1 x B) 
is contained in the closed ball B(0, jlfj/J, we conclude that M,, is dense in M. 
In order to prove the existence of a second category subset M* of M such 
that M. !Z M* _C t,F(O), we prove the following statement: 
(*) For all f E M. and all E > 0, there exists a neighborhood U,f of 
fin M such that 
II YL - Ykz ILO d E (g E Uf; n E Z+; x E C(I, B)). 
Fix f E M and E > 0. Let L be the Lipschitz constant of f. There is 
S = S(E) > 0 such that 
(S/L) eLb + 6eb < E. 
Let U,f be the closed ball of M of center f and radius 6, i.e., 
We prove by induction on n the following inequality: 
For n = 0, (1) is obvious since Y’,,~ = x = yi.o . Assume (1) up through n, 
and let us check it for n + 1. We have: 
II YL+&) - YLz+l(t)ll 
G s t llf 6, rf,.nW> - As, YL(4>II ds a 
< j t Il.f(s, Y:.,&)> -f (s, y&z(4>II ds + j t II f (s, y;,,&)) - g(s, y;.n(QII ds a a 
G s t L II ~kz(s) - YLWI ds + St a 
(by the Lipschitz property off and by g E Vi) 
(by the inductive hypothesis) 
5 Ln+ltn+l n-1 
=- 
L (n + l)! + c 8 ti+l i=l (i + St, 
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which is exactly Eq. (1) for n + 1. By 
6 Ln+ltn+l 
YE (72 + l)! 
+ 6 i $- < i eLb + Seb, 
i=l 
Equation (1) implies (*) for the above choice of U<f. Now we show that 
v%9 G li’n (g E f&GfE MO; n EZ+). 
Fix f E M, and n E Z+. We have for all g E V:,,, and all p, p E Z+: 
(2) 
Ii x& - YZ,, l/m < II Y&J - y’,,, IL + II YLJ - Y’,., l/m + II YL.* - Y&3 IL 
2 
G n + /I YL - ‘kc,, I!m (by (*)I. 
Since (~f,.,)z=~ converges to the unique solution of the Cauchy problem 
2’ =f(t, x), 40) = ql , 
there exists no = n,(f, 1/3n) such that 
II YLJ 
Thus, 
II Y&J 
and (2) holds. Then 
(2% 4 3 %). 
(p, q 3 n,;g E U&J 
w* = fi u Gsn 
n=1 fElu" 
is a G, subset of M containing MO with the property that all (yz,,)z=l con- 
verge for f~ Mi*. To finish the proof, define q5: A&*---f R+ as the map 
assigning to f E M,* the diameter of the set of all the limits of the successive 
approximations (y~,J~~r for x e C(I, B). Clearly $(f) = 0 means that all the 
successive approximations (yf,,,)Tsl converge to the same point for x E C(?, B). 
In particular, MO C +-l(O). Let us show that for all 12 E Z+ we have: 
For (*) implies 
II Y’,.k 
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Here we take liml, and we get that the limit of (y”,,J& is near of order 1/2n 
of the limit of (YL,JT,=~ , Since (yf,& has a unique limit (which is the unique 
solution of the Cauchy problem x’ =f(t, x), x(O) = xs), we have (3). Thus 
is a G,-set in AZ,* with the property that all (~fi.J:=~ have a unique limit X, 
forfEM*. ByM*>M,,, M* is dense in M. Since M* is a G,-set in Ml* 
and Ml* is a G,-set in M, M* is a GG-set in M. Since M is closed for uniform 
limits, M is a complete metric space and hence a Baire space. It is well known 
that a dense G,-set in a Baire space is a subset of second category, and so M* 
is of second category in M. Q.E.D. 
Proof of Corollary. Suppose that for f E M* the Cauchy problem 
x’ = f (4 x), x(0) = x0 
has two solutions x, y. From 
x(t) = xo + so’ f(s> 44) 4 ~(4 = xo + j$ Y(S)) h 
it follows clearly that the successive approximations 
are constantly equal to x if y. = x, and to y if ys = y. Then by the theorem, 
X, must coincide with the limits of the constant sequences (x)E1 and (y)El . 
Thus x ==y. Q.E.D. 
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